The space derivatives of Freidlin's travelling wave like solutions of generalized KPP equations are considered in this paper. We give estimates of the rst two space derivatives on the wave front and show that the travelling wave is nearly at on the trough and on the crest. Di erentiation of heat semigroups, logarithmic transformation and semi-classical analysis based on stochastic analysis are the main tools used here.
Introduction
A. Consider the following reaction-di usion equation on R n with parameter > 0:
( @u t (x) @t = 2 2 u t (x) + 1 2 c(t; x; u t (x))u t (x); u (0; x) = T 0 (x) expf? S 0 (x) 2 g: (1.1) Here is the Laplace operator, c is a real valued measurable function, T 0 is a nonnegative measurable function and S 0 is a C 2 function. We look at the behaviour of the solutions fu t (x)g for small values of the parameter . It was shown by Freidlin that under suitable conditions, with initial condition u (0; x) = x 0 , as ! 0 the solution u t (x) to (1.1) converges to a \travelling wave", i.e. there is a function V (t; x) such that lim !0 u t (x) = 0 if V (t; x) > 0 and lim !0 u t (x) = 1 if V (t; x) > 0. The region f(t; x) : V (t; x) < 0g is called the trough of the approximate travelling wave and f(t; x) : V (t; x) > 0g is called the In this paper, we study the asymptotic behaviour of the space derivatives Du t of the solution of equation (1.1) . We rst use the probabilistic expression for the derivatives of the solutions in Elworthy and Li 5] to give gradient estimates of the wave front and to conclude that jDu t j and jD 2 u t j converge to zero exponentially fast on the trough. In section 4 and 5 we assume that c(t; x; u) is independent of t and x. Using the logarithmic transformation and semi-classical analysis we show that 2 jr log u t j is bounded on the wave front and that jru t j is exponentially small on the crest of the travelling wave. For those results we need an assumption that c 0 (u) is negative and some restriction on the initial functions. As an example we have global gradient estimates for the wave front of the standard KPP equation and have shown that the approximate travelling wave for KPP equation is at on the trough. In fact for good initial functions, including the Gaussian case, the travelling wave like solution of the KPP equation is also at on the crest. In the companion paper Zhao 19] , initial Dirac distributions are treated. See also Freidlin 10] , Kolmogoro , Petrovsky, Piscouno 13], Sheu 15] and Evans and Souganidis 7] for related works.
The main di culty of the problem in this paper is to prove that jru t j is exponentially small on the crest of the travelling wave (see also Zhao 19] ). For this we use the semiclassical analysis based on Maruyama-Girsanov-Cameron-Martin formula.
B. Let c(x) = c(x; 0), assumed to be C 1 . Let S 0 be a C 1 function. The function V (t; x) de ning the trough and the crest can be given by the classical mechanical system introduced in 3]:
s (x) = ?r c( s (x)); 0 (x) = x; _ 0 (x) = rS 0 (x); s 0:
The classical mechanical system is said to satisfy the no caustic condition if there exists T The standard KPP conditions: (I) . Suppose c is continuous, bounded above and c(x; u) c(x; 0) = c(x) when u 0. (II). c(x; u) > 0 for 0 < u < 1 and c(x; u) < 0 for u > 1. (ii). From the proof given in 18] we see that T 0 is bounded can be replaced by that u 0 is bounded uniformly in .
(iii). For the case with drift Z(x), we need semi-classical analysis for vector potentials. See Truman and Zhao 17]. Freidlin 8] also discussed the wave front with vector potentials. We consider the case Z(x) 0 except in section 2.
For simplicity, we sometimes write v t (x) for a function v(t; x) of space and time.
2. Probabilistic expressions for the derivatives of solutions and some gradient estimates on the wave front Let c be a real valued function on 0; 1) R n R 1 . Throughout this section let Z be a C 3 vector eld such that hx; Z(x)i k(1+jxj 2 ) and hDZ(x)(v); vi k 1+ln(1+jxj)]jvj 2 for some constant k. Consider the reaction-di usion equation (1.1) with initial value u 0 .
( @u(t;x) @t = 1 2 2 u(t; x) + hZ(x); ru(t; x)i + 1 Let u 0 be a bounded measurable function and u t a solution to (2.1). Here and in the sequel by a solution we mean a regular solution i.e. one which is C 2 in x and C 1 in t. As is known such a solution is given by the generalized solution (see e.g. Freidlin 8] On the other hand by the variation of constant formula u t satis es:
Let fu n t g be a sequence of functions approximating u t , given by: u n t (x) = P t u 0 (x) + 1 The required formula follows from (2.7) and the above equality.
One of the remarkable property of this formula is that it does not involve Du 0 or Dc. From here we can obtain a crude gradient estimate for the wave front of the approximate travelling wave solution u t as goes to zero. Note that if the KPP condition (II) holds and if fu 0 g are non-negative and uniformly bounded in , then fu (t; x); > 0g are bounded uniformly in . And so are fG t (x); > 0g. Here k is a constant independent of and t.
Proof. The estimate follows from (2.6) after taking account of the boundedness of sup x 0 sup 0 r t Ejv r j 2 .
For further estimates of this type see Theorem 4.3 below.
In the same spirit we have, let v 1 This follows from a similar argument to that used in the proof of corollary 2.2.
There are further estimates on the wave front in section 4. The estimates in this section are not very delicate especially on the trough and on the crest. In section 3-4 we shall mainly study the gradients on the trough and in section 5 we shall devote to the study on the crest and show that jru t j is exponentially small as goes to zero.
Gradient estimates for u t at the trough of the travelling waves
Assume the potential term in equation (2.1) does not depend on t explicitly so c(t; x; u) = c(x; u). Take the initial function u 0 to be bounded and of the following form u 0 (x) = T 0 (x) expf? 1 In particular jDu t (x)j converges to zero uniformly and exponentially as ! 0, on compact subsets of f(t; x) : V (t; x) < 0g.
Proof. First we rewrite formulae (2.6) in the following form: Remark. (i). Note that fc(x; u t (x)) : > 0g are uniformly bounded if either of the following holds: (a). c(x; u) : R n R 1 ! R is a bounded function (b). c is bounded above and satis es the KPP condition (II). Also T 0 is nonnegative and S 0 is bounded from below, u 0 is bounded uniformly in . This is because under those conditions fu t : > 0g are uniformly bounded and so are fc(x; u t (x)) : > 0g.
(ii). The condition on the boundedness of V (t; x) is unnecessary. It can be removed using an argument in Elworthy and Zhao 6] .
(iii). Applying the above transform to the formulae for D 2 u t we see that under suitable conditions lim !0 jD 2 u t (x)j = 0 on the trough. B. In the following we shall apply a logarithmic transformation to (4.1) in order to
give some uniform estimate on jDu t (x)j. Set J (t; x) = ? 2 log u (t; So 2 jD log u (s; x)j is bounded on 0; t] R n and (4.5) has no explosion.
(ii) Write f = u 0 (x t ) expf 1 Let fy t g be de ned by (3.3) . Applying the Girsanov transform respectively to (4 .7) and to the Feyman-Kac formula (2.2) for u t we see that The required estimate follows since fc(u t?s (x))g and fc 0 (u t?s (x))g are bounded on 0; t] R n for each .
Observations:
Let c be a C 2 function satisfying the KPP condition (I). Then by the Girsanov transform in the proof of Lemma 4.1 we obtain results on the atness of the approximate travelling waves on the trough. More precisely, by the logarithmic transformation as well as the assumption that c 0 (u) 0. The condition on fz t g will turn out to be conditions on the initial functions. We hope in the future we can combine these two approaches to relax the conditions on c 0 and on Du 0 . Note also that if c 0 (u) 0 then by (4.12), jDu t (x)j 1
So it is essential to get estimates on E
T 0 (z t ) . In the follwoing lemma we generalize a result in Sheu 15] where linear parabolic equations were considered. Then by (4. T 0 (z t ) j 2 is bounded, from the linear growth assumption.
Gradient estimtes on the crest
In the following we investigate the behaviour of Du t (x) on the crest. First we recall that u t (x) converges to 1 uniformlly on compact sets of the crest for KPP equation with suitable initial value. Let 1.
Theorem 5.1. Let c be a C 2 function bounded above such that c 0 (u) 0 and c 0 (1) < 0.
Let fu 0 g be BC 1 with T 0 bounded below by a positive constant.
(i) Assume (4.5) does not explode, and for some p > 1 Ej
T 0 (z t ) j p is bounded for (t; x) in compact subsets of 0; T ] R n unifomrly in for small .
(ii) Suppose lim !0 u t (x) = 1 uniformly on compact subsets of C = f(t; Note that c 0 0 and u t (x) 0. Let q be the conjugate number to p and suppose z 0 = x. Then by (5.5) and (5.6), Let T 0 (x) = 1. Then T d (x) = ?2x and condition (ii) of Lemma 4.1 holds and so does (4.11), the formula for D log u t (x). 
